A negatively charged nitrogen vacancy (NV) center in diamond has been recognized as a good solid-state qubit. A system consisting of the electronic spin of the NV center and hyperfine-coupled nitrogen and additionally nearby carbon nuclear spins can form a quantum register of several qubits for quantum information processing or as a node in a quantum repeater. Several beautiful and impressive experiments on the hybrid electron and nuclear spin register have been reported, but fidelities achieved so far are not yet at oor below the thresholds required for fault-tolerant quantum computation (FTQC). Using quantum optimal control theory based on Krotov method, we show here that fast and high-fidelity single-qubit and two-qubit gates in the universal quantum gate set for FTQC, taking into account the effects of the leakage state, nearby noise qubits and distant bath spins, can be achieved with errors less than those required by the threshold theorem of FTQC.
I. INTRODUCTION
Nitrogen vacancy (NV) centers in diamond have many remarkable properties. For example, the spins of NV centers have relatively long relaxation and coherence time (even at room temperature) [1] [2] [3] [4] [5] [6] , and the electron spin triplet ground state can be initialized, manipulated and read out with microwaves and lasers. [7] [8] [9] . These exceptional properties make the NV center(s) a promising system for sensitive magnetic field and weak signal sensing [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , bio-marking tracking [21] [22] [23] [24] and quantum information processing [8, 25-39, 41, 44-53] .
Quantum gate operations in a quantum register of individual electron spin or/and nearby individual nuclear spins associated with a NV center in diamond have been demonstrated experimentally [27, 32-39, 41, 44-46, 49] . However, the gate fidelities in theses experiments or studies are limited to certain values because the pulses sequences to perform the gates even in the ideal unitary case are not optimally designed and come with some sorts of approximation.
There have been schemes proposed for protecting quantum gates of NV center spins from decoherence, based on dynamical decoupling (DD) protocols or/and dynamically corrected gate (DCG) [40-43, 47, 48] . Experimental realizations of noise-resilient or decoherence protected quantum gates on NV centers have been reported [44] . So far, only the single-qubit gates are shown to be of high-fidelity. For example, the fidelity of a dynamical-decoupling-protected X gate is shown to be about 0.985 for a gate duration of 35.5 µs [47] and the fidelity of a SUPCODE π/2 gate is about 0.9961 with a gate time of 5.063 µs [48] . However, these gate times are much longer than those of unprotected gates, and how * goan@phys.ntu.edu.tw to practically implement the different protected gates for different qubits in parallel in a many-qubit register is not clear.
An alternative approach to realize high-fidelity quantum gate is through the quantum optimal control (QOC) [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] . A recent study [53] investigated the theoretically achievable fidelities when coherently controlling an effective three-qubit system consisting of a negatively charged ( 15 NV − ) center in diamond with an additional nearby carbon 13 C nuclear spin. The results in this study indicates that by using square and two frequency component radio and microwave frequency pulses, the best single-qubit gate fidelity is less than 98% and the multiqubit gate fidelities are somewhat lower than that. It was thus suggested that to reach the fidelity threshold(s) predicted by current models of fault-tolerant quantum computation (FTQC) [72] [73] [74] [75] , going beyond the squarepulse paradigm and using pulse-shaping techniques like optimal control is required [53] . The QOC theory has been applied to NV center based quantum information processing [50] [51] [52] . Reference 52 considered only the electron spin and designed fast single-qubit gates using the chopped random basis quantum optimization algorithm without resorting to the standard rotating-wave approximation condition. References 50 considered a system of a NV center's electron spin and nitrogen 14 N nuclear spins as well as coupled carbon 13 C nuclear spins, forming a small quantum register, and used the gradient ascent pulse engineering (GRAPE) optimization algorithm [59] [60] [61] to perform phase-flip quantum error correction on three qubits of one 14 N nuclear spin and two 13 C nuclear spins. Reference 51 performed quantum gates and generated entangled states for two proximal NV centers in diamond using the GRAPE optimization algorithm. With the help of QOC, unwanted off-resonance transitions or crosstalk, and unwanted dipolar couplings between the spins of the two proximal NV centers were significantly suppressed. However, in these QOC studies and experiments [50] [51] [52] , the maximum hyperfine interaction strength between the NV electron spin and either the nitrogen nuclear spin or carbon nuclear spin is only about a few MHz. This is different from the case studied in Ref. 53 where the hyperfine interaction of the 15 
NV
− is about 3MHz, while the hyperfine interaction with the nearest neighbor carbon 13 C can be larger than 100MHz. A large hyperfine interaction potentially leads to fast quantum gate operations in the hybrid spin register. It is, however, this large hyperfine interaction that limits the maximum fidelity that can be achieved in the square-pulse paradigm [53] . Furthermore, these studies [50] [51] [52] do not take the decoherence effect from the surrounding distant bath spins into the optimization consideration when constructing their QOC gates.
In this paper, we present a detailed QOC study based on the Krotov optimization method [55-57, 62-64, 69-71, 76] for single-qubit and two-qubit gates of a hybrid electron and nuclear spin register of a NV center in diamond taking into account the effects of leakage state, nearby noise spins and a bath of distant nitrogen spins or/and 13 C nuclear spins randomly distributed in the diamond lattice. In our model, a nuclear spin of 13 C which is in the first coordination shell (nearest neighbor) around the 15 NV − center and has strong hyperfine interaction with the NV center electron spin is considered (see Fig. 1 for a schematic illustration). The Krotov optimization method we employ has several appealing advantages over the gradient methods [55-57, 62, 64, 76] : (a) monotonic increase of the objective with iteration number, (b) no requirement for a line search, and (c) macrosteps at each iteration. Quantum gates constructed via our QOC scheme with experimentally available or realistic parameters are all with very fast speed and very high fidelity. Setting the gate operation times for our single-qubit X gate and Z gate performed on the electron spin to be 10 ns, we obtain corresponding gate infidelities or errors to be 3.9 × 10 −5 and 6.0 × 10 −4 , respectively. The two-qubit CNOT gate performed on the NV center electron spin and a proximal 13 C nuclear spin can be operated within 50 ns with an infidelity or error of about 4.3 × 10 −4 even in the presence of a host 15 N noise nuclear spin and an additional spin bath (environment) with a wide range of decoherence parameters. This paper is organized as follows. We briefly describe the model Hamiltonian of the NV-center-based hybrid spin register we consider in Sec. II. To incorporate the effect of distant nuclear spins which form a spin bath or environment on the dynamics of the system qubits, we use the open-system master-equation approach and the description of this approach is presented in Sec. III. In Sec. IV, we define the infidelity or error function to measure how well the gate operations of our system qubits deviate the ideal target gates in the presence of nearby noise qubits (spins) and a spin bath. The QOC algorithm based on the Krotov method is also briefly described here. In Sec. V, we explore the application of the QOC for the implementations of Z-gate, X-gate and also the gates in 15 NV − center (V denoting a vacancy site) with one nearest neighbor 13 C atom. (a) For single-qubit operation, the electron spin of the NV center (in blue) is the system qubit while the 15 N and 13 C nuclear spins are regarded as noise qubits (in red). (b) For two qubit operations, the electron spin and the 13 C nuclear spin are regarded as the system qubits (in blue), while the 15 N nuclear spin is treated as a noise qubit (in red). The shaded area denotes additional distant bath spins.
the universal discrete quantum gate set for FTQC for the hybrid spin register. Comparison to the traditional approach of implementing quantum gates and the effect of spin bath on the QOC gate operations are also presented. Finally, a conclusion is given in Sec. VI.
II. MODEL HAMILTONIAN
We consider a negatively charged NV center associated with a 15 N nucleus (i.e., 15 NV − ) in diamond . The electronic structure of the NV center has a spintriplet ground state S = 1 with a zero-field splitting △ = 2.87 · 2π GHz between the m s = 0 and m s = ±1 levels. Note that the quantization axis of this splitting is along the symmetry axis of the NV center, which we take as the z axis. The 15 N carries a nuclear spin I = 1 2 . Also, we consider a 13 C atom occupies one of the nearest position around the NV center, and other nuclear spins further away are regarded as a spin bath. A schematic structure of our system is shown in Fig.1 . Applying a static magnetic field B along the z axis splits the levels m s = −1 and m s = +1. In our study, we consider all the three electron spin levels, i.e., the m s = 0 and m s = ±1 levels, choose the spin levels m s = 0 and m s = −1 to be the two computational states of our electron spin qubit and treat the m s = +1 state as an ancilla or a leakage state. The NV center electron spin is coupled to the proximal 15 N and 13 C nuclear spins and an additional spin bath.
It has been shown that the coupling of a spin bath of distant nuclear spins to a NV center electron spin can be modeled through classical magnetic field noise that causes decoherence by imprinting a random phase on the NV center electron spin [77] . This semiclassical noise model emerges as the weak-coupling limit of quantummechanical entanglement-induced decoherence. The con-dition for this to be valid is when the electron-nuclear spin couplings quantified by the magnetic fields B NV.n of the NV center electron spin at the sites of the nuclear spins are much smaller than the externally applied magnetic field B z (i.e.,B NV.n ≪ B z ) [77] . In our study, we apply a relatively strong background magnetic field B z to the spin register. We thus treat the coupling of the spin bath to the NV center electron spin to be approximated as a classical random field B(t) which may depend on time acting on the z-component of the NV center electron spin, a pure dephasing model [40, [79] [80] [81] . The couplings of the nearby or neighboring nuclear spins to the NV center electron spin are, however, treated quantum-mechanically.
The total Hamiltonian of the system we consider can be written as follows.
where S i is the spin-1 operators for the NV center electron spin and I Ci and I N i are the spin-1/2 operators for the 13 C and 15 N nuclear spins, respectively. γ e = −2.8 · 2π MHz · G −1 , γ C = 0.00107 · 2π MHz · G −1 and γ N = −0.43 · 2π kHz · G −1 are the gyromagnetic ratios for the electron, 13 C and 15 N spins, respectively [43] .
is the hyperfine coupling between the electron and the 13 C nuclear spin [45] , and A eN = A eN ⊥ = 3.03 · 2πMHz is that between the electron and the 15 N nuclear spin [42, 78] . The magnetic fields B x (t) and B y (t) are time-dependent external control fields. The random fieldB(t) represents the effect of the bath spins with correlation function [40, [79] [80] [81] 
where b that can be regarded as the field inhomogeneity in the effective semi-classical random noise model is associated with the average coupling strength between the electron spin and the spin bath, and τ c is the correlation time of the spin bath. We will consider first the case where the quantum gate operations of the system qubits are influenced by the interactions with nearby noise qubits with a low number of degrees of freedom [53, 82, 83] . In this case, the most general approach is to describe the dynamics of both the system and noise qubits and their interactions in Hamiltonian unitary approach and then perform the QOC calculations for the quantum gate operations. As the number of degrees of freedom of the noise qubits increases, the computation of this approach becomes expensive and challenging. Our strategy is that we treat the spins which are close to and have large hyperfine interactions with the system qubit(s) as the noise qubits and include them and their interactions into the unitary Hamiltonian, and then take the many randomly distributed distant spins as a spin bath (environment) whose average effect on the dynamics of the system qubit(s) is obtained by tracing out the environment degrees of freedom (or more precisely by performing an ensemble average over the classical random noise) using the master equation approach. of the reduced density matrix. So our QOC treatment can simultaneously deal with the effects of leakage states, a few nearby noise qubits and a (spin) bath.
III. QUANTUM MASTER EQUATION
Since the ensemble average effect of the semi-classical random noise treatment of the spin bath in the absence of the external control fields can be modeled by a pure dephasing open system model [85] , we employ the perturbative time-local non-Markovian master equation to describe the coherent control and decoherence dynamics of the NV center electron qubit in our QOC study. Thus, following the the standard perturbation theory with the Born approximation, we can write the time-local nonMarkovian master equation for the reduced system density matrix as [86] [87] [88] 
where
, and the dissipator D can be written as [86, 88] 
where the propagator superoperator U s (t, t ′ ) = T + e t t ′ Ls(τ )dτ with T + denoting the time-ordering operator. The symbol h.c. in Eq. (7) denotes the hermitian conjugate of its previous term. To solve the master equation (7) directly, one would need to evaluate the term U s (t, t ′ )S z and then perform the integration for the dissipator D(t) of Eq. (8). This procedure is often numerically inefficient. Instead, since the bath correlation function given in Eq. (6) is in an exponential form, one can take the time derivative on Eq. (8) and obtain straightly the differential equation for the dissipator D(t) as
Equations (7) and (9) form a coupled set of inhomogeneous differential equations, and one can use the RungeKutta method to solve these equations numerically.
For the convenience of numerical computation, we transform the density matrix ρ into a column vector ρ and in this case Eq. (7) becomes˙ ρ(t) = Λ(t) ρ(t), where Λ(t) is corresponding operator associated with Eq. (7) in column vector representation. It can be shown that the effective propagator U (t) defined by the relation
where N is the dimension of U and I N denotes the N ×N identity matrix in the operator dimension of U .
IV. GATE ERROR AND OPTIMAL CONTROL ALGORITHM
We describe below briefly the error function of the gates and the optimal control algorithm based on the Krotov method that we adopt for our calculations. The noise qubits are regarded as an effective small environment interacting with the system qubits that serve as a register for quantum information processing. The implementation of quantum gates in the presence of only a few noise qubits using the Hamiltonian unitary approach for QOC calculations has been investigated [82, 83] . Here besides a few noise qubits, the leakage state and the spin bath are also considered. We thus define the error function K as the distance measure between the associated propagator P U (T ) at the final time T of the composite system and the target gate G in the column vector representation as follows [82, 83] :
Here P denotes a projection operator to project the propagator U onto the composite subspace spanned by the tensor product of the system qubit computational basis states and the noise qubit basis states [66, 84] , n B is the dimension of the Hilbert space for the noise qubit subsystem, Φ is an arbitrary unitary acting only on the noise qubit Hilbert space. The symbol · F stands for the Frobenius matrix norm:
is a normalization factor to keep the value of K in the range [0, 1] with N the dimension of P U . The squared norm of P U − G ⊗ Φ 2 F is minimized over the set of all possible unitary Φ because we do not care what the evolution of the noise qubits is as long as the target gate G to be implemented can be achieved. The fidelity defined as F = 1 − K with K given in Eq. (11) is introduced to measure how well P U (T ) approaches the target gate G at the final gate time T . The error function similar to K of Eq. (11) for a closed composite system consisting of the system qubits and a few noise qubits was defined and simplified to a computable form in Ref. 84 . Here, we generalize the expression of the error function K for an open system with leakage states and/or a spin bath in a computable form as (cf. [84] )
Here in Eq. (12)
where P U (ij) are n B × n B matrix partitions of P U in the computational state basis of the system qubits, and G ij are the scalar matrix elements of the target operation G [84] . Note that because the projected propagator P U is no longer unitary when the effect of the leakage states or/and the open system environment is considered, the second term in the error function (12) takes the form of
. This term approaches (1/2) for an ideal, closed composite system when P U → U is unitary, and in this case the error function K (12) reduces to that of Ref. 84 .
In realistic control problems, it is desirable that the optimal control sequence can provide the highest quality (fidelity) with minimum energy consumption. Therefore, we define the objective function to be maximized for our optimal control problem as
with a weighting function λ(t) > 0 adjusted and chosen empirically. Here the reference fieldε(t) is chosen to be the control field of the previous iteration [55, 56] . In this case, when the iterative procedure approaches the optimal solution, the change in the control field is minimal or vanishing. Therefore, this choice of the reference field ε(t) ensures that the iterative method is found to increase the total objective J of Eq. (14) by increasing the gate fidelity F = 1 − K rather than reducing the total control pulse energy. The iterative algorithm of the Krotov method used in our optimal control study of implementing quantum gates is described briefly as follows [55-57, 62, 64, 69, 70, 76] . (1) An initial guess for the values of the control parameters ε 0 i (t) is randomly chosen [here the control parameters ε i (t) can be the externally applied ac magnetic fields B i (t) with i = x, y components]. (2) The evolution propagator U [ε 0 i (t)] is evolved forward in time until t = T using Eq. (10) . (3) An auxiliary function B[ε j i (t)], j = 0 for the first iteration, is evolved backward in time until t = 0 using the equation of motionḂ(t) = −B(t)Λ(t) and the boundary condition
. The explicit form of dK d(P U ) can be found in Appendix A. (4) The updated propagator U [ε j+1 i (t)] is propagated again forward in time, while the control parameter ε i (t) is updated iteratively with the rule ε j+1 i
Steps (3) and (4) are repeated until either the error K j is smaller than a preset value or the ratio of the improved error at the next iteration,
, is rather small. After a sufficient number of iterations, the algorithm converges and the fidelity F in the objective func-tion of Eq. (14) reaches asymptotically a maximum value of F max .
V. RESULTS AND DISCUSSION

V.1. Optimal control for single-qubit gates
The target quantum single-qubit gates considered in our investigation are Z-gate, X-gate, Hadamard gate (H gate), phase gate and π/8 gate on the NV center electron spin. We restrict our investigation to have a control magnetic field only in the x-direction, i.e., B x (t), for the implementation of these single-qubit gates. A static magnetic field B z = 500 G is applied to split the m s = ±1 states of an NV center electron spin; the m s = 0 state and m s = −1 state are chosen as the system qubit states, and the m s = 1 state is treated as a leakage state. We will investigate the case where there are two nearby noise qubits, the 13 C nuclear spin and 15 N nuclear spin, and the strength of the hyperfine interaction between the NV center electron spin and the nearest-neighbor 13 C nuclear spin is comparable to the Zeeman splitting of system qubit states.
A quantum Z-gate in the absence of the noise qubits can be realized by free evolution of the system qubit with high fidelity (or error smaller than 10 −8 ). However, the Z-gate errors K obtained by free evolution taking the energy shift by the 13 C and 15 N noise qubites into account at operation times of 0.34 ns, 7.45 ns and 15.2 ns are all greater than 6.0 × 10 −3 . On the other hand, using optimal control method with an extra control field B x (t) gives, for example, a Z-gate error K for an operation time of 10 ns (or 0.01µs) to be 6.0 × 10 −4 , at least one order of magnitude better than that by the free evolution.
For the implementation of an X gate, traditionally a π pulse with frequency ω in resonance to the energy splitting between the two computational states of the system qubit (in our case ω = 1.343 · 2π GHz at B z = 500 G) is used to induce the qubit transition. As fast quantum gates are favorable for the purpose of quantum information processing, we set the operation times of the single-qubit gates to be in the order of 0.01µs. To be operated in such a short time, an X gate implemented by a π pulse would require a certain pulse strength B x0 of B x (t) = B x0 cos ωt. This in turn limits the fidelity of the gate as a relatively strong pulse strength B x0 would cause possible transitions to the m s = +1 leakage state. One can see this from Fig. 2(a) that the gate errors of X gates implemented by π pulses for different operation times in the absence of any noise qubit and decoherence represented by the green circles (guided by the green dotted line) are all larger than 4 × 10 −3 . In the presence of the nearby noise qubits, nonsecular parts of the hyperfine couplings A eC ⊥ to the system qubit will cause an additional error to the X gate implemented by a π pulse. The purple, blue and red circles (dashed lines) in Fig. 2(a) represent the errors of the X gates implemented by π pulses at different operation times for the cases where the system qubit interacts with only the 15 N, only the 13 C, and both the 15 N and the 13 C noise qubits, respectively. One can see that the gate errors of the blue and red dashed lines overlapping with each other are considerably larger than those of the purple and green dashed lines also overlapping with each other in the short gating time regime but deviating a little bit at large gating times. This is because the hyperfine interaction of the 15 N nuclear spin with the system qubit is about one to two orders of magnitude smaller than the control field strength or interaction for the X gates with operation times shown in Fig. 2(a) , and thus the presence of the 15 N nuclear spin does not introduce substantial error in the X gate. On the other hand, the hyperfine interaction of the 13 C nuclear spin with the system qubit is comparable to the control field interaction and thus considerably larger gate error is introduced by 13 C nuclear spin than that by the leakage state in the ideal case or than that by the 15 N nuclear spin. In contrast, the QOC based on the Krotov optimization method enables us to achieve a high-fidelity X gate with significant improvement in gate error. As shown in Fig. 2(a) , the X gate errors obtained by optimal control method in the presence of both the 15 N and the 13 C noise qubits represented by the red squares (solid lines) are two orders of magnitude smaller than the gate error obtained by directly applying π pulses even in the ideal case (green dotted line). Figure 2(b) shows a typical optimal control field sequence for a X gate with an operation time of 0.01 µs. We have also perform optimal control calculations for the single qubit gates of the Hadamard gate (H gate), the phase gate and the π/8 gate in the universal quantum gate set for FTQC. The errors of the singlequbit gates with operation times all set to 0.01 µs are summarized in Table I . Because the gate times of the single-qubit gates are all set to a relatively short time of 0.01 µs, we find that the calculated optimal control pulse sequences are robust (i.e., the gate errors do not increase appreciably) in the presence of a spin bath with a wide range of realistic experimental parameters for the bath correlation function defined in (6) [40, 41, 86] . The effect of a spin bath will be explicitly discussed for two-qubit CNOT gates that have longer gate times.
V.2. Optimal control for CNOT gates
We next describe the implementation of the two-qubit CNOT gate in the discrete set of universal gates. We choose the electron spin of the NV center as the control qubit and the 13 C nuclear spin as the target qubit. The 15 N nuclear spin associated with the NV center acts as a noise qubit influencing the electron qubit. Besides, the bath of other distant spin impurities causing the decoherence to the electron qubit is taken into account. A schematic illustration of the whole system we consider is shown in Fig.1(b) . The experiments carried out on a single electron and a single 13 C nuclear spin of a NV center for the implementation of a two-qubit condi- tional rotation (CROT) gate realized by a conditional radio-frequency π pulse have been reported [8, 45] . This CROT gate combined with single-qubit z rotations can perform a CNOT gate up to a global phase factor. Decomposing a CNOT gate or a general gate operation into several single-qubit and entangled two-qubit operations in series makes its operation time normally longer and its overall gate error larger as the gate errors of the decomposed gates will accumulate. In contrast, the optimal control method has the great advantage of enabling the implementation of a CNOT gate or other general quan- tum gates in a single run of pulse or in a single pulse sequence by simply setting the target operation to be the CNOT gate or the general quantum gate one wishes to implement [61, 71] . Simulating this π-pulse approach of implementing the CROT gate using B x (t) = B x0 cos ωt and B y (t) = B yo sin ωt with the field strengths B x0 and B y0 , we evaluate the CROT gate error K and compare it with our result of CNOT gate by the optimal control method.
We discuss the implementation of a CNOT or CROT gate for three different cases. The first case is the ideal case without any noise, the second case includes the effect of the 15 N noise qubit, and the third case considers both the 15 N noise qubit and a spin bath. Here applying a static magnetic field of B z = 1000 G, results in a relatively large energy splitting between m s = 1 (leakage) state and m = 0, −1 (computational basis) states as compared to the energy splitting between the computational basis states of the m s = 0 and m s = −1 states for the NV electron spin. At first, the NV electron spin is regarded as an ideal two-level qubit system for the gate implementation, and then we will treat the NV electron spin as a spin-1 three-level system. This enables us to exam how well the optimal control field sequence obtained for the two-level case performs in the more realistic three-level case (i.e., to see the leakage effect). We then employ the QOC theory to find new control sequence for the threelevel NV center electron spin taking the leakage state of m s = 1 into account in order to reduce the gate error or infidelity.
Ideal case: Next we show that the optimal control theory can achieve a CNOT gate with a better fidelity than simply applying a conditional π pulse (CROT). The CNOT or CROT gate errors as a function of the gate operation time for different cases are illustrated in Fig. 3 . The solid lines and dot-dashed lines represent the gate errors obtained for the ideal case and the case including noise qubit 15 N, respectively. The red lines represent the CROT gate errors obtained by applying a conditional π pulse taking m s = 0, −1 states of the NV center as the system qubit states. The blue lines and purple lines represent the CNOT gate errors obtained by using the optimal control theory taking the NV center electron spin as a two-level system and three-level system, respectively. Note that different from the gate error of the CROT implemented by a conditional π pulse, the QOC gate errors are calculated by substituting the pulse sequence obtained in respective methods into the Hamiltonian of the three-level NV center system including the 15 N noise qubit (but not including the bath spins) for the propagator U in Eq. (12) . For the idea case (solid lines), when the gate operation time becomes shorter, the gate error using a π pulse becomes larger. The reason is that the requirement for a shorter duration of a π pulse means a stronger field strength, which in turn induces a larger transition probability to the leakage state. In contrast, the QOC theory can do a much better job when the operation time is short as illustrated in Fig.3 . However, as the operation time increases, the error for the optimal control case of treating the electron spin as an effective two-level system becomes larger, even larger than that of using a π pulse (see Fig.3 ). Therefore, employing QOC for the three-level electron spin system is necessary. It is quite obvious from Fig.3 that employing the QOC theory by treating the electron spin as a three-level system (purple solid lines) gives gate errors one order to two orders of magnitude lower than those of the two-level case (blue solid line). Effect of a noise qubit: In the case of including the 15 N noise qubit, driving the system by a π pulse does not work well anymore (see the red dot-dashed line). However, taking the noise qubit into the QOC optimization consideration lowers the error or infidelity a little bit as compared to the case without doing so. One can see this from Fig.3 that the blue and purple dot-dashed lines are slightly lower than their corresponding blue and purple solid lines, respectively. The reason is that the 15 N noise qubit here also serves as an ancilla qubit that allows some probability to get out of the computational space temporarily but return to the computational space with higher fidelity at the end of the operation for the optimal control CNOT gate. Again, treating the electron spin as a three-level system is a more effective strategy to perform CNOT gate and it gives an error K ≈ 1.7 × 10 −4 in the presence of the 15 N noise qubit for a gate time of 0.125 µs. Figure 4(a) investigates the optimal control CNOT gate error as a function of the strength of the external static magnetic field B z for a gate opera- tion time of 0.05 µs. The blue solid line and red dotdashed line represent the cases of treating the electron spin as a two-level system and a three-level system, respectively. When the static magnetic field B z decreases, the gate error represented by the blue solid line becomes large. This is because at a lower magnetic field B z the energy separation between the qubit state m s = −1 and the leakage state m s = 1 become smaller, and thus the approximation of treating the NV electron spin as a twolevel system of m s = 0, −1 is not very good. However, the optimal control of the three-level case still works with error K ≈ 6×10 −4 even when the magnetic field is as low as B z = 500 G. The optimal control field sequences by treating the NV electron spin as a three-level system for B z = 1000G (red dot-dashed lines) and B z = 500G (blue solid lines) with the operation time of 0.05 µs are shown in Fig. 4(b) . At B z = 500 G (B z = 1000 G), the energy separation between the electron qubit states of m s = −1 and m s = 0 is much larger than (comparable to) the energy splitting between the states |1, ↓ and |1, ↑ (due to the hyperfine interaction), where |↓ and |↑ represent the 13 C nuclear spin states, and |1 and |0 represent the electron qubit states. As a result, there are apparently two different oscillating components for the case of B z = 500G (blue solid lines) as compared to the case of B z = 1000 G (red dot-dashed lines) in Fig. 4(b) . The major frequency of the fast oscillating component comes from the high frequency (energy separation) of the electron qubit, while that of the slow one matches the energy splitting between states |1, ↓ and |1, ↑ .
Effect of a spin bath: Next, we take into account not only the noise qubit but also the bath of the distant spin impurities, which is modeled as an effective classical random field acting on the NV electron spin with correlation function given by Eq. (6). The solid lines in Fig. 5 show Fig. 6 . To investigate how much QOC theory improves the gate fidelity in the NV center system with a spin bath, we take the optimal pulse sequences in the absent of the spin bath as our initial guess for the control fields, and the gate errors before the optimal control iterations are shown in dotdashed lines in Fig.6 . The gate errors (solid lines) after the iterations are terminated are larger for small values of τ c , and decrease as τ c increases. The gate errors (solid lines) stay nearly constant as τ c 5 µs. When the bath correlation time τ c is small, the memory effect of the bath is weak and the bath is close to a Markovian bath. In this case, it is hard to revise the bath contribution since the decay rate approaches to a steady value in a very short time. In contrast, when τ c is large, due to the relatively long memory effect of the bath, the optimal control fields are able to counteract the influence from the bath.
VI. CONCLUSION
We have found the control sequences of fast and highfidelity single-qubit and two-qubit quantum gates for electron and nuclear spins of a NV center in diamond using the QOC theory. A CNOT gate or other general quantum gates operation can be implemented in a single run of pulse sequence using the optimal control approach rather than being decomposed into some entangled two-qubit and several single-qubit operations in series by composite pulse sequences. The (non-Markovian) external environment effects on system qubits are partitioned into two kinds, one from a few nearby noise qubits and the other from a bath of distant spins. Table I summarizes the gate time and gate errors calculated with realistic experimental parameters for the cases considering the effect of the noise qubits, the leakage state and the effect of a spin bath. These gate errors are below the recent model of error threshold 10 −3 [72] (10 −2 if surface code error correction is used [73] [74] [75] ) required for FTQC. One can estimate the logical error rate that our gate error K corresponds to for a given type of error correction of FTQC. Suppose that one implements a logical qubit of the surface code error correction on a two-dimensional array of physical qubits with array size (distance) d (corresponding to the number of physical qubits being n q = (2d − 1)
2 ) as in Ref. [75] . The number of physical qubits or the array size d needed to define a logical qubit to meet a required logical error rate is dependent strongly on the error rate in the physical qubits. By taking the error probability per step to be the worse gate error K of 6.0 × 10 −4 in Table I , which is smaller than the error threshold rate of p th = 0.57% of the surface code, the estimated logical error rates using Fig. 4 or more precisely Eq. (11) of Ref. [75] are about 3.5 × 10 −5 for array size d = 5 and about 3.7 × 10 −6 for array size d = 7. When the per-step error rate is smaller than the error threshold rate p th , the logical error rate falls exponentially with the array size d. Thus one obtains the logical error rate for array size d = 25 to be about 5.8 × 10 −15 , sufficient to perform Shor's algorithm for factoring a 2000-bit number into its primes with a reasonable chance of success [75] .
There seems to be challenges for the experimental implementations and applications of the QOC theory, such as imprecise knowledge of the quantum system's parameters and how to generate the complex optimal control pulses in reality. Fortunately, commercial devices for generating arbitrary wave forms or complex signals in a time scale of sub-nanoseconds to nanoseconds are available now and may solve the challenge of generating complex pulse sequences. Besides, a hybrid open-loopclosed-loop optimal control method called adaptation by hybrid optimal control (Ad-HOC) method [89] designed to overcome not only the problem of inaccurate knowledge of the system parameters but also shortcomings of the assumed physical model and errors on the control fields has been recently proposed. The closed-loop pulse calibration of Ad-HOC, similar to adaptive model-free feedback control (also referred to as closed-loop laboratory control or learning control) [90, 91] , uses the physical system itself as a feedback to calibrate control pulses and optimize their performance. Two similar closed-loop methods for optimizing quantum control in experimental systems have also been put forward recently: the method of optimized randomized benchmarking for immediate tune-up (ORBIT) [92] and the method of adaptive control via randomized optimization nearly yielding maximization (ACRONYM) [93] . In principle, the system response and control pulses can be calibrated and improved using closed-loop optimization where measurement data are efficiently obtained with Nelder-Mead algorithm [89, 92, 94] or stochastic optimization algorithm [93, 95, 96] and subsequently fed back to the system optimizer to improve the pulses without precise knowledge of the system. These developments make the QOC theory practical and useful to construct the initial pulse sequences for experimentally closed-loop optimization [89] .
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We acknowledge support from the the Ministry of Science and Technology of Taiwan under Grant No. 103-2112-M-002-003-MY3, from the National Taiwan University under Grants No. NTU-ERP-104R891402, and from the thematic group program of the National Center for Theoretical Sciences, Taiwan. Employing the algorithm of the Krotov optimization method, we evolve backward in time the auxiliary function B(t) with the boundary condition B(T ) = − dK dP U . Therefore, we need to find the explicit form of dK dP U . The procedure and calculation presented below follows those in Ref. 82 .
In our case, the error function K is defined through Eqs. (12) and (13) . The matrix elements of dK dP U can be written as
where the matrix indices a and b range form 1 to N and P U ab is the matrix element (a complex scalar variable) of P U . Let x = P U ab , and Z(x) = Q † Q be a matrix function of the variable x, and y(Z(x)) = Tr Q † Q = TrZ(x) be a scalar function. Thus, the error function (12) in terms of the new variables is K = Note that Q † Q is not an analytic function of P U ab but can be express as an analytic function of P U ab and P U * ab . Consequently, when one differentiates Q † Q with respect to P U ab , P U * ab and subsequently Q † are treated as constants Thus
Here the second line in Eq. (A2) follows from the use of the chain rule, and the last line follows from the property of dy dZ = dTrZ(x) dZ = I. Then from the definition of Z and x, we find that
Since Tr dZ T dx = Tr dZ dx , inserting the trace of Eq. (A3) into Eq. (A2), we finally obtain the explicit form of
can be simply obtained by the definition of Q in Eq. (13) .
Here i a and j b denote the smallest integers greater than or equal to a/n B and b/n B , respectively, and G iaj b are the matrix elements of the target gate. In Eq. (A5), the states |a mod n B b mod n B | are the elements of the orthonormal basis matrix of the noise qubit(s).
